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Abstract. For theconstructionof digital terrainmodelsbasedon surfaceinterpolation,it is de�ned a bivariate
function
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� . In this
work, it is presenteda strategy for thegenerationof interpolationsurfacesthroughtheuseof basisfunctions.This
methodologyis basedon a work by Chaturvedi andPiegl, whereimprovementsrelatedto theconstructionof the
basisfunctionsweremade.Theproposedstrategy allowsa largerexpansionof thebasisfunction'ssupportregion,
representedby the interior of a trajectorycurve,composedof quadraticrationalBéziersegmentsandreducesthe
approximationerrorbetweenthereferencesurfaceandtheinterpolationsurface.

1 Intr oduction

In Digital TerrainModeling,theconceptof height�elds is
mathematicallyrepresentedby an elevation function ���

�����������

, de�ned on the domainD of a reference
plane. Usually, the elevation valuesare known only at a
�nite setof samplepoints.

Theuseof irregularlydistributedsamplepointsavoids
theover samplingproblemthat is commonto DataEleva-
tion Models [1], where the samplepoints are distributed
overa regulargrid.

Regardlessof thetypeof samplepointdistributionused,
a way of computingtheelevationat any point  of thedo-
main is needed.For thatpurpose,several surfaceinterpo-
lation strategiescanbefoundin the literature,which guar-
anteethat the Digital Terrain Model has: ShapeFidelity,
DomainIndependence,Locality andEditability [1]-[7].

In this work, it is presenteda strategy for thegenera-
tion of interpolationsurfacesthroughtheuseof basisfunc-
tions. This methodologyis basedon a work of Chaturvedi
andPiegl [5], whereimprovementsrelatedto theconstruc-
tion of the basisfunctionsweremade. This methodology
allowsa largerexpansionof thebasisfunction'ssupportre-
gion,representedby theinteriorof a trajectorycurve,com-
posedof quadraticrationalBéziersegments.Moreover, it
promotesa betteragreementbetweentheinterpolatingsur-
faceanda referenceterrain.

Thesurfaceis de�ned procedurally, basedon a trian-
gulationof the projections,!#" $%�
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, of the sample
points, !
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, &('*)+',� , on a reference
plane

�-�

. Theinterpolationsurfaceis constructedby asuit-
able combinationof � speciallyde�ned basisfunctions,
correspondingto thesamplepoints.

Eachbasisfunction is de�ned on a local domainin
theneighborhoodof thecorrespondingprojection!."

$ . This
domainincludesonly !

" $ andits adjacentpointsin thetri-

Figure1: Two possiblebasisfunctions.

angulation.The illustration in Figure1 shows two distinct
basisfunctionsassociatedwith the samplepoint !

" $ : one,
correspondingto a piecewise linear interpolation;andthe
other, constructedoveranexpandeddomainandutilizing a
smoothpro�le curve.

Thesmoothnessof thepro�le curveandtheextension
of thedomainarecontrolledby localparameters/ and 0�1

2 3

�

&54 , respectively, whichin�uencestheoverallshapeof the
basisfunction.

Theremainderof thepaperis organizedasfollows. In
Section2, it is presentedanoverview of thesurfacerecon-
structionproblem,usingbasisfunctions.In Section3, it is
discussedthe aspectsof constructionandcontrol of basis
functions.In Section4, theproposedmethodis contrasted
againstothermethods.Finally, someconclusionsaredrawn
in Section5.

2 Inter polation Surface

Thesurfacereconstructionproblemof a terrain,for which
a set of samplepoints !
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� is known,consistsin determiningabivariatefunc-
tion ?
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, suchthat ?
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$ for eachpoint !B" $#1

�C�D�8�

. Thepoints !B"

$ aretheorthogonalprojectionsof
points !

$ on thereferenceplane
�-�

.
Equation(1)determinestheinterpolationsurface?
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by a weightedsumof � basisfunctions E
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In digital terrainmodeling:

1.
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$ is thesupport
domainof E
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As pointedout in [5], requirements2-5 areeasilysat-
is�ed if rationalbasisfunctionsof theform
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areused.It is alsopointedout, in thesamework, thatthese
basisfunctionsareanalogousto thetensorproductB-spline
basisfunctionsin that:1) they canbede�nedoverarbitrary
domains(concave or convex); 2) they areidentically zero
outsidetheir supportdomains;3) they arepositive within
their supportdomainsandattaina singlemaximum;and4)
they donotpossesslocalmaximaor minima.

Themethodsfor constructingtheinterpolationsurface
?
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basedonEquation(1) aredistinguishable,both,by
thewaythebasisfunctionsE

$
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arede�ned,andby the
waythebasisfunctions'supportdomainsaredelimited.For
example,thebasisfunctionsof thepolyhedralinterpolation
areswungsurfacesde�nedby rotatingalinearpro�le curve
aroundalocalz-axisandscalingthepro�le by theboundary
polygonof thesupportregion. This region is identi�ed by
thetriangulationof thepoints !B" $ (Figure1(a)).

In summary, givenanarbitrarypoint
�\[ �@�A[ ��


, to obtain
[�

�]?

�Q[ ���^[ �^


it is necessary:1) to �nd all thebasisfunctions
that do not vanishat

�\[ �_�`[ �A


; 2) to evaluateeachnon-zero
contribution of thesebasisfunctionsby, �rst, computing

Z

$

�Q[ ���A[ ��


and, then,substitutinginto Equation(2); and3)
to blendthebasisfunctionsvalueswith thecorresponding
samplepoints,usingEquation(1).

3 BasisFunctions

In this section,it is discusseda two-stepprocessfor the
constructionof basisfunctions.First,atrajectorycurvethat
delimits the supportdomainof the basisfunction is deter-
mined.Then,apro�le curve is de�ned to generateaswung
surfaceasit is scaledby thetrajectorycurveduringits rev-
olution aroundthe correspondingsamplepoint projector.
The main improvementsover the processproposedin [5]
aremadein theconstructionof thetrajectorycurves.

3.1 Trajectory Curve

In orderto determinethe trajectorycurve thatdelimits the
supportdomainof thebasisfunctionassociatedwith asam-
ple point !

$ , onestartsby obtaininga triangulationof the
projections,!Y"

N

�

���ANO���PNQ


, of the � samplepointson the
referenceplane.Next, usingall thetrianglesthatsharethe
vertex !Y" $ , apolygonis de�ned by connectingthesidesop-
positeto that vertex. Finally, it is constructeda sequence
of NURBS(Non-UniformRationalB-Splines)[9] relativeto
eachsideof thepolygonjust de�ned suchthat they main-
tain a

�

continuityat theconnectingpoints.
Theresultingtrajectorycurvecanbeeitheropen,when-

ever !Y"

$ is attheborderof theterrain'sdomain
�

; or closed,
whenit is aninterior point of

�

(SeeFigure2). In synthe-
sis,thetrajectorycurvemust:1) interpolateall thevertices
of thepolygonusedto de�ne thesupportregion;2) possess,
at least, a

�

continuity ; 3) de�ne a region in which !#" $ is
theonly samplepointprojectionstrictly insideit; and,4) be
intersectedat mostonceby any straight-linesegmentwith
origin at point !B" $ .

Conditions1) and2) aretrivially satis�ed, if NURBS
segmentsarechosento connecteachtwo consecutive ver-
ticesof the polygon. Condition3) implies that points !#"

N

which arenot part of the boundarypolygonimposelimits
ontheexpansionof thetrajectorycurve,sincenoneof them
canlie insidethe supportregion. Condition4) imposesa
specialstrategy for theconstructionof thetrajectorycurve,
asdiscussednext.

The NURBS segmentschosenare quadraticrational
Béziersegmentsde�ned by
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where
f_d

,
f

� , and
f

� arethecontrolpoints;
Z

� is the
i-th weightand

g.�

�

��c^


is thei-th seconddegreeBernstein's
polynomial.

Thecurve
b
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interpolatesthepoints
fid

and
f

� , and,
at thesepoints, it is tangentto the vectors

f

�.j

f�d

and
f

�

j

f

� , respectively. For thepurposesof implementation,
onecanset

Z
d

�

Z
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�D& andvary
Z

� (denotedby
Z

in the
following). As

Z

increases,thecurveapproachespoint
f

� .
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Figure 2: Typesof trajectorycurves. (a) and (b) closed
trajectorycurves;(c) and(d) opentrajectorycurves.

P
k


Q
i+1


Q
i


Q
i-1


T
i


Figure3: Computationof thetangentk.� at l�� .

Supposethat mnl
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l�oqp is the set of vertices
of thepolygonaroundpoint !B" $ determinedby thetriangu-
lation (seeFigure2), where lros�tl

� whenthe curve is
closed.Betweeneachpairof vertices
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, onetries
to de�ne a connectingquadraticrational Bézier segment.
However, that is not alwayspossible,requiring that more
thanonesegmentbeused.

In orderto determinetheconnectingNURBSsegments,
it is necessaryto �nd the tangentvectors k

� to the trajec-
tory curve at the vertices l

� . A simple way to estimate
thesetangentvectorsis to usethecentraldifferencescheme
representedby theequation

kB�_�
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(4)

wherek#� is anunit vectorwith thesameorientationasvec-
tor l��=u

�vj

l���w

� (Figure3).
Equation(4) adequatelyde�nes the tangentat all the

points l�� whenever the trajectorycurve is closed. How-
ever, whenthat curve is open,it is necessaryto de�ne an-
otherway of computingthetangentvectorsat theextremi-
ties l

� and l
o . Hence:

1. If zS�

:

, k

� and k

� arede�ned asthe unit vectors
thatform {`|O} angleswith thevector l

�

j

l

� (Figure
4(a));

2. If z

I•~

, k

� is de�ned asthe unit vectortangentto
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Figure4: Tangentat theendsof thetrajectorycurve.
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Figure5: Con�gurationsof thetrajectorycurves.

theparabolapassingthroughthevertices€‚• , €�ƒ and
€…„ atvertex €†• ; and ‡Bˆ , astheunit vectortangentto
theparabolapassingthroughthevertices€

ˆA‰Šƒ , €
ˆ^‰‹•

and €
ˆ at vertex €

ˆ . However, in orderto guarantee
thatall straight-linesegmentswith origin at Œ#• Ž donot
intersectthetrajectorycurvemorethanonce,onecom-
putestheangles•n• betweenthevectors‘†•�’”“�•

‰Š–@— ˜

™

“
•

‰Š–

—

˜

™

and ‡
• ( šY’œ›ž•�Ÿ ), measuredclockwise(Figure4(b))

and,in case›Q ž¡`¢�£(•
•

£¥¤^¦P¡`¢ , ‡
•

’D§¨‘
• or, in case

•
•i©

¤`¦ª¡O¢ , ‡
•

’«‘
• .

Therefore,theproblemof computingthetrajectorycurve
passingthroughthevertices€

•
•5€

ƒ
•\¬>¬=¬=•M€

ˆ , is restrictedto
determiningthecontrolpointsof eachBéziersegmentcon-
necting €

• to €
•=­_• , sincethetangentat theseverticesare

known.
If thetangentswere "well behaved",asshown in Fig-

ure5(b),onewouldsimplychoosetheintersectionpointof
theparameterizedstraight-lines€�•¯®8°Q‡B• and €…•=­_•Q®²±¯‡B•=­_•

asthemiddlecontrolpoint, ³´• . However, dueto thevariety
of shapesthatthetrajectorycurvemayassume,not always
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Figure6: Geometricalinterpretationof µ

• and ¶

• .

it canberepresentedby a singlequadraticBéziersegment.
For example,this is thecaseof thecurvesegment € • € •=­_•

in Figure5(d), sincea quadraticrationalBéziercurve can-
notpresentthein�ections shown in that�gure.

Now, consider•

•

•

and •

•

ƒ

the anglesthat the tangent
vectors ‡ • and ‡ •>­_• , respectively, form with the vector

€ •>­i• §S€ • . Also, consider °

•

•

and °

•

ƒ

the signsof these
angles,i.e., °

•

•

’·› if ¸ € •>­i• §(€ •º¹J» ‡ •´© ¡ , °

•

•

’·§Y› if
¸ €…•=­_•n§8€…• ¹n» ‡B•�£W¡ , and °

•

•

’W¡ if ¸ €�•>­i•P§8€�• ¹ž» ‡B•i’¥¡ .
°

•

ƒ

is de�ned, analogously, by examining the sign of the
vectorproduct ¸

€y•>­_•J§(€…•
¹¨»

‡#•>­_• . Thestrategy for de-
terminingthecontrolpointsis de�ned by analyzingthe� ve
casesdepictedin Figure5 anddescribedasfollows.

Case1 ( °

•

•

’¼°

•

ƒ

’½¡ ) (Figure 5 (a)): The Bézier
segmentconsistsof a straight-linesegment. Onechooses

³_¾8’]€
• , ³

•
’

¸
€

•
®(€

•=­_•5¹À¿
¤ and ³

ƒ
’]€

•=­_• .
Case2 ( °

•

•

°

•

ƒ

’9§Y› and Á

Á

•

•

•

Á

Á

®
Á

Á

•

•

ƒ

Á

Á

£Â›\ O¡O¢ ) (Figure
5(b)): Onechooses³i¾Ã’Ä€

• , ³
• asthe intersectionof the

parameterizedstraight-lines€
•

®W°Q‡
• and €

•=­_•
®Å±¯‡

•=­_•

and ³
ƒ

’S€
•=­_• .

In thenext threecases,two Béziersegmentsareused
to interpolatethe curve segment €y•¯€…•=­_• . Therefore,it is
necessary, �rst, to includea new point €y•

•

andonly thento
interpolatethecurve segments€y•Æ€…•

•

e €�•

•

€�•>­_• . Point €�•

•

is de�ned by

€

•

•

’S€…•Ç®
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•ºÈ�•Š®
¶

•ºÈ�É

•

• (5)

where µ
•�’

™

€…•=­_•´§s€…•

™

¿
¤ , È�• is the unit vector in the

directionof vector €�•=­_•Ê§«€…• , È

É

•

is the unit vectorper-
pendicularto È�• and ¶

• is thedistancefrom point €y•

•

to the
chord €

•
€

•=­_• (Figure6). Moreover, for eachcase,differ-
ent ¶

• and ‡B•

•

(tangentvectorat €y•

•

) arecomputed.
Case3 ( °

•

•
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Á
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©
›\ O¡

¢ ) (Figure
5(c)): Onecomputes¶

• = min(Ë

•
•

Ë`Ì ), where Ë

• is thedis-
tancefrom theclosestnon-neighborpoint Œ.•

•

to thechord
€

•
€

•>­i• and Ë^Ì is a chosenfractionof this chordsegment,
i.e. , Ë^Ì

’tÍ

™

€
•>­i•

§Î€
•

™

. The tangent‡#•

•

at €…•

•

is the
vectorparallelto thechord €

•
€

•>­_• .
Case4 ( °

•

•

°

•

ƒ

’Ï› ) (Figure5(d)): Taking ¶
• = 0,onede-

terminesthepoint €y•

•

on thechordsegment €y•Æ€�•>­_• . The
tangentat €

•

•

is thende�ned as

‡

•

•

’WÐ5Ñn° ¸ •

•

•

¹ È�•Š®s°<šÒŸ ¸ •
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• (6)

where
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•
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Á
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Á

•

•

ƒ

Á

Á

•�Õ‚§SÁ
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Á

Á

¹	¹ ¬ (7)

In this case,oneof theBéziersegmentsrelative to the
segments€ • €…•

•

and €�•

•

€ •>­_• is locatedin thesamesemi-
planeas ŒB•

Ž relative to the chord segment € • € •=­_• and,
therefore,it is necessarya correctionstrategy, asshown in
Figure4(b).

Case5 ( °
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•
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© ¡ ) (Figure5(e)):
Onecomputesthescalar¶ • by
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Ž
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Ë

Ž is the distancefrom point ŒB•

Ž to the chord segment
€�•Ò€�•>­_• ,
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Á
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and
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Ô@Í
¸
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¹ min ¸ max̧ Á
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•žÁ

Á
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Á
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¹	¹
¬ (11)

At this point, the trajectorycurve mostprobablyhas
a new setof vertices, €

• , €
ƒ , ..., €

ˆž­‹Þ , where ß is the
numberof new points €

•

•

that werecreated. After deter-
miningthetangentsatall thevertices,thetrajectorycurveis
completelyde�ned, andall thecomponentcurve segments

€
•

€
•>­_• arequadraticBéziersegments.

3.2 Pro�le Curve

Oncedeterminedthetrajectorycurve, it is necessaryto de-
�ne thepro�le curvethatis usedto composethebasisfunc-
tion. The chosenpro�le curve hasto ensurethat thebasis
functionis positivewithin its supportdomain,attainsasin-
gle maximum,anddoesnot possesslocal maximaor min-
ima(seeSection2). A cubicHermitianfunctionguarantees
all thesepropertiesandis usedherein,although,otherfunc-
tionswith similar propertiescouldalsobeused.
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Figure7: Con�gurationsof TrajectoryandPro�le curves.

ThecubicHermitianpro�le curve is de�ned paramet-
rically on a local coordinatesystemà á , wherethe á axis
coincideswith thedirectionof theprojectorâ#ã äªâ

ä , by

åÊæ�çÇèêé+ë ì í�æ�çÇè5î�ì ïAæ�çÇèÆðÇé+ëòñJóUç�î�çŠôžæ¯óÊõªç.ös÷OèÆðøî

ù…ú

ç

ú

ñžû

(12)

Noticethattheparameterizationis suchthatthecurve
is sweptfrom

å²æ

ù

èêé×ë>ñžî

ù

ð

to
åÊæ¯ñPèüéÏë

ù

î\ñ5ð

.

3.3 Compositionof Blending Function

As mentionedat the beginning of Section3, the blend-
ing functionassociatedwith thesamplepoint â

ä is gener-
atedasa swungsurfaceby therevolutionof a pro�le curve
aroundtheprojector âBã äªâ

ä (its local á axis)while thepro-
�le curveis scaledby thetrajectorycurveduringrevolution
(seeFigure8).

Considering,in thecompositionprocess,that the tra-
jectorycurve is de�ned on theplaneàqá as

ý
æ�þAèüéÏë ÿ

í
æ�þ^è5î6ÿ

ï
æ�þAèÒðÒî

ù…ú

þ��Å÷��

ù��

î

(13)

and that, at the beginning of revolution, the pro�le
curve is in the plane à�� (Figure7); the resultingblending
functionis expressedby

�‚æ�ç_î	þAèêé×ë ì í�æ�çÇè�ÿ
í

æ�þAèMîŠì í�æ�çÇè�ÿ
ï

æ�þAèMî-ì ï^æ�ç èÒðÒû

(14)

Noticethat,when
çÖé

ù

,
�‚æ

ù

î	þAèüé
ý

æ�þ^è

.
Thecomponent� of theblendingfunctionsobtained,

by theprocessjustdescribed,for thepoints â

ä arethefunc-
tions �

ä

æ

à

î

á

è

usedin Equation(2) to obtainthenormalized
basisfunctions 	

ä

æ

à

î

á

è

.

3.4 BasisFunction Contrib ution

The contribution of eachbasisfunction,	

ä

æ

à

î

á

è

, to the
computationof thecoordinate� , giventhecoordinates

æ

à

î

á

è

of a point on the terrain's domain,is apparentin Equation
(1). Therefore,considering
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Figure8: Contributionof basisfunctionat thepoint
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.

where �

ä

æ

à

î

á

è

is the non-normalizedbasisfunction rel-
ative to the samplepoint â

ä , the contribution is accom-
plishedasfollows:

1. Givenapoint
æ

à

î

á

è������

, determinetheset

��

í�� ï����




de�ned as
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;

2. For eachbasisfunction
�+#

æ

à

î

á

è,%
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í�� ï��

, compute
the intersection

æ

à/.

î

á�.

è

of the straight-linefrom
âBã

#

throughpoint
æ

à

î

á

è

with the trajectorycurve corre-
spondingto

â

ã

#

. Scalethepro�le curve,i.e.,compute:
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(15)
obtaining

�$#
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à

î

á

è´é¥ì
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(Figure8);

3. After all
�$#

æ

à

î

á

è

arecomputed,useEquation(2) to
obtain the normalizedbasisfunctions

	2#
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è

, and
compute
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, e.g.
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3.5 ShapeControl

For eachchordsegment BDCEB�CGF-H , thede�nition of thecor-
respondingpartof thetrajectorycurveinvolvesaparameter

I thatdeterminesa fractionof thatchordsegment,andcan
be usedeffectively for local andglobal shapecontrol. In
Equation(18), the choiceof

�
determinesthe expansion

thata Béziersegmentof thetrajectorycurve will have rel-
ative to thecorrespondingchord.Thatexpansionis limited
by therequirementthat thetrajectorycurve do not enclose
pointsoutsidethetrianglessharingvertex

â#ã
ä (seeSection

3.1).
A possibleway to solve this problem,if J1H is thedis-

tancefrom thecontrolpoint K�H to thechord B�C�B�CGFLH ; J�C is
thedistance,to thischord,from theclosestnon-neighboring
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point, !Y"

�

, in the region betweenthe chord's supportline
and the parallel throughpoint

f

� ; and MON is a fraction of
thatchord,givenas

M
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is givenby
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where MOPy� min
�

M`�

�

M
N




, if the curve is convex and MQP��

min
�

M

$

�

M
N




, otherwise[5]. The valueof
Z

calculatedby
Equation(18) forcestheBéziersegmentto touchthe line,
parallelto thechord ly�øly�>u

� , locatedat adistanceMQP from
it [10] (seeFigure9).

Oneof theimportantpropertiesof Béziercurvesis that
their expansionis limited by their convex hulls. Hence,
onecanconcludethat, if a point !

"

�

is outsidethe triangle
f

d
f

�

f

� , it shouldnot imposeany restrictionon theexpan-
sionof theBéziersegment(seeFigure9). Saidin a differ-
ent way, it is not possiblefor a Béziersegmentto include
a point !B"

�

outsideits convex hull. Thus,no expansionof
theBéziercurve shown in Figure9 will beableto enclose
apoint !Y"

�

outsidethetriangle
f_dQf

�

f

� . Also, it canbever-
i�ed in the illustrationshown in Figure10 that,evenwhen

!
"

�

is in the interior of theconvex hull
fid\f

�

f

� , thecondi-
tion that theBéziercanexpandat mostup to touchingthe
straightline, parallelto thechord lr�Òl��=u

� , passingthrough
!Y"

�

is too restrictive.
To overcomethesede�cienciesandto allow amoreef-

�cient expansionof theBéziersegments,a betterapproach
is basedon thefollowing strategy for determining

Z

:

1. Findall thesamplepoints !
"

�

thatareinsidetheconvex

hull
f_d\f

�

f

� of theBéziersegmentto beexpanded;

2. For eachpoint ! "

�

found in Step1 andusingits bari-
centriccoordinates
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��R

d �

�!R

�

�

��R
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relativeto thetrian-
gularconvex hull, determine
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� by
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suchthat theexpansionof the Béziersegmentpasses
throughthepoint !B"

�

[11];

3. De�ne
Z

asthesmallestof all
Z

� determinedin Step
2;

4. DetermineM N accordingto Equation(17)andcompute
the�nal

Z

as

Z

� min
�

&

�\�

M N


�X��

M

�vj

M N


M� Z�
M;

(20)

Thischoiceof
Z

takesinto accountjust thepoints,not
neighborsof !Y" $ , thatareinsidetheconvex hull

fid<f

�

f

� , in
casethey exist, andrepresentsthe largestexpansionof the
curve satisfyingthe imposedconditions. This givesmore
�e xibility of shapecontrol,both locally andglobally, pro-
viding amoreadequate�t of theinterpolatedterrain.

Besidesthe proposedshapecontrol of the trajectory
curve thatallows anexpansionof thebasisfunction'ssup-
port region, it canbeintroducedanotherparameter, / , that
controlstheshapeof thepro�le curve U

�WV 


(Equation(12)).
Thus,themodi�cation

U X
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/




�¥/�Y
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j
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(21)

in the componentU X

�\VÇ


of the function ]

�\VÇ


providesa
whole rangeof possibilitiesfor the pro�le curve. Notice
that,thisbiasedpro�le curveassumesany con�gurationbe-
tweenthe Cubic Hermitian ( /·� & ) (seeEquation(12));
anda linear function ( /W�

3

). The tangentsat
V

�

3

and
V

� & areboth equalto ( &

j

/ ). Therefore,at the sam-
ple points,unless/��·& , thedigital terrainmodeldoesnot
haveto show aplateaushape.In Figure11,someexamples
of thesamebasisfunctionwith different0 and/ areshown.

4 Comparisonof Results

In this section,two referencemodelswerechosento show
the comparisontests. Eachreferencemodel is compared
to threeinterpolatedonesgeneratedby: polyhedralinter-
polation,the interpolationmethodproposedin [5], andthe
interpolationmethodproposedin this work.

Thesethreeinterpolatedmodelswereconstructedas
follows: 1) a numberof samplepointswasde�ned on the
domain; 2) a Delaunaytriangulationof thesepoints was
determined;3) theelevationsfor thesepointsweredirectly



Figure11: Basisfunctionwith different 0 and / . (a) 0W�

/s�•& (b) 0Å�Ü& and /Î�

3

, (c) 0Å�

3

and /s�Ü& and(d)
0 �W/ �

3

.

determinedfrom the referencemodel; 4) the interpolated
surfacescorrespondingto eachmethodwerecomputed.

With appropriatevaluesof theparameters
0

and
/

(see
Section3.5), particularcasesof interpolationcan be ob-
tained.For instance,thepolyhedralinterpolationis de�ned
with valuesof 0 and / equalto zero.Thus,for comparison
with the referencesurface,interpolatedsurfaceswerede-
terminedby eachof thethreemethods,using 0 and / equal
to

3

; :

| ,
3

;

|

3

,
3

;_^

| and &

;

3

. Thefactthat 0 in theproposed
methodallows a larger expansionof the trajectorycurves
givesmore�e xibility to modelmorecomplex surfaces.

Theerrors ` betweentheinterpolatedsurfacesandthe
referenceonewerecalculatedusingtheexpression

a

�

b c

�\d

Nü�

�

���

�

�	�PNQ


j

?

���

�

�	�PNQ
�


�

S

c

�\d

N

�

���

�

���
N




�

�

(22)

where
���

�

���PNQ


arethepointsof theregulargrid, �

���

�

�	�PNQ


representstheelevationof thereferencesurfaceat
���

�

���
N




,
and

?

���

�

�	�
N




representsthe elevation of the interpolated
surfacedeterminedat

���

�

�	�
N




. The purposeof this study
is only to evaluatethe potentialof the proposedmethod,
in a simpleway, without focusingon themagnitudeof the
errorsfound.In otherwords,theideais to show thatsmaller
errorscanbefoundwith theproposedmethod,whichshows
a tendency thatthemethodcangeneratebetterinterpolated
surfacesin realapplications.This is probablymoretruein
applicationswith steepregionsandslopes,althoughfurther
investigationis necessary.

sincfunction(200points)
Polyhedral Chaturvedi Proposed

egfihjflknm o<p 40.35 39.71 37.78
egfihjflknm p<k 40.35 40.08 37.46
egfihjflknm qrp 40.35 40.74 37.29
egfihjf2s<m k<k 40.35 41.63 37.31

Table1: Comparisonof thepercentageerrors.

Figure12: Comparisonof the interpolationmethods
�

0W�
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;

| and /]�

3

;

| ): (a) Polyhedral,(b) Chaturvedi (c) Pro-
posed.(200samplepoints)

4.1 Case1: Sinc function

In thisexample,thereferencemodelwasdeterminedasthe
Sincfunction
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de�ned on the domain
� �
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.
The interpolatedmodelswere constructedas follows: 1)

:

3ž3

randomsamplepointswereconsideredin thedomain
�

; 2) a Delaunaytriangulationof thesepointswasestab-
lished;3) their elevationscomputedby

�

�e�

�����

�

�	�

�




; 4)
theinterpolatedsurfacesweredetermined.

Thethreeinterpolatedsurfacesareshown in Figure12.
For eachcase,the approximationerror wascalculatedby
Equation(22),asshown in Table1.

4.2 Case2: Real terrain

In this example, the referencemodel was de�ned on the
domain
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. This modelwas
de�ned by &

3

;

3ž3O3

points, distributedas a regular grid of
&

3ž3

tW&

3ž3

pointsover the entiredomain
�

. This exam-
ple was chosento illustrate the accuracy of the proposed



Realmodel(57points)
Polyhedral Chaturvedi Proposed

egfuhjfuknm o<p 19.98 18.67 18.27
egfuhjfuknm p<k 19.98 18.40 17.40
egfuhjfuknm qrp 19.98 18.44 16.83
egfuhjf@s<m k<k 19.98 18.84 16.73

Table2: Comparisonof thepercentageerrors.

Figure13: Comparisonof interpolationmethodş Í�’

Ù

’

› : (a)Polyhedral,(b) Chaturvediand(c) Proposed.

techniqueappliedto a realterrain.Thedigital terrainmod-
els (interpolatedmodels)wereconstructedas follows: 1)

v

¦ samplepointswerechosenfrom the setof points that
de�ned the referencemodel (part of the points was cho-
senat randomandsomepointsweremanuallychosenon
steepregions);2) a Delaunaytriangulationof thesepoints
wasestablished;3) their elevationswereobtainedfrom the
referencemodel; 4) the interpolatedsurfaceswere deter-
mined.Thenumberof samplepointschosenwasintention-
ally small in order to try to representthe real modelwith
theminimumcomputationaleffort possible,without losing
toomuchaccuracy.

Thethreeinterpolatedsurfacesareshown in Figure13.
For eachcase,the approximationerror wascalculatedby
Equation(22),asshown in Table2.

5 Conclusions

In thispaper, it wasproposedamethodologyfor generation
of interpolationsurfacesby modifying the basisfunction
generationprocesspresentedby Chaturvedi andPiegl [5].
The proposedmodi�cation allows for a larger expansion
of thebasisfunction'ssupportregion,which is represented

by the interior of a trajectorycurve composedof quadratic
rationalBéziersegments.It alsoreducestheapproximation
errorbetweenthereferenceandtheinterpolationsurfaces.

It was observed that, in all examples,the proposed
methodpresenteda smallerapproximationerror thanboth
the polyhedralmethodand that of Chaturvedi and Piegl.
Although further investigationneedsto be conducted,this
factseemsto beverypromising.
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