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Abstract. For the constructionof digital terrainmodelsbasedon surfaceinterpolation,it is de ned a bivariate
function thatinterpolates nite setof sampleooints, , suchthat, . Inthis

work, it is presentec stratgy for the generatiorof interpolationsurfaceshroughthe useof basisfunctions.This
methodologyis basedon a work by Chatunedi andPieggl, whereimprovementselatedto the constructiorof the
basisfunctionsweremade.The proposedstrateyy allows alargerexpansiorof the basisfunction's supportregion,
representedy theinterior of atrajectorycurve, composedf quadraticrationalBéziersegmentsandreduceghe

approximatiorerrorbetweerthereferencesurfaceandtheinterpolationsurface.

1 Intr oduction

In Digital TerrainModeling, the conceptof height elds is
mathematicallyrepresentedyy an elevation function

, de ned on the domainD of a reference
plane. Usually, the elevation valuesare known only at a
nite setof samplepoints.

Theuseof irregularly distributedsamplepointsavoids
the over samplingproblemthatis commonto DataEleva-
tion Models [1], wherethe samplepoints are distributed
overaregulargrid.

Regardles®f thetypeof samplepointdistributionused,
away of computingthe elevationatary point  of thedo-
mainis needed.For that purpose several surfaceinterpo-
lation stratgjiescanbe foundin the literature,which guar
anteethat the Digital Terrain Model has: ShapeFidelity,
Domainindependencd,ocality andEditability [1]-[7].

In this work, it is presentedh stratgy for the genera-
tion of interpolationsurfaceshroughthe useof basisfunc-
tions. This methodologyis basedon awork of Chatunedi
andPigyl [5], whereimprovementselatedto the construc-
tion of the basisfunctionswere made. This methodology
allows alargerexpansiorof the basisfunction's supportre-
gion, representedly theinterior of atrajectorycurve,com-
posedof quadraticrational Béziersegments. Moreover, it
promotesa betteragreemenbetweertheinterpolatingsur
faceandareferenceerrain.

The surfaceis de ned procedurally basedon a trian-
gulation of the projections, , of the sample
points, , , on areference
plane . Theinterpolationsurfaceis constructedy asuit-
able combinationof  speciallyde ned basisfunctions,
correspondingo the samplepoints.

Eachbasisfunction is de ned on a local domainin
theneighborhooaf thecorrespondingrojection . This
domainincludesonly  andits adjacenipointsin the tri-

Figurel: Two possiblebasisfunctions.

angulation.Theillustrationin Figure1 shavs two distinct
basisfunctionsassociateavith the samplepoint  : one,
correspondindo a piecavise linear interpolation;andthe
other, constructeaver anexpandeddomainandutilizing a
smoothpro le curve.

Thesmoothnessf thepro le curve andtheextension
of thedomainarecontrolledby local parameters and

, respectiely, whichin uencestheoverallshapeof the
basisfunction.

Theremaindeiof the paperis organizedasfollows. In
Section2, it is presentedn overview of the surfacerecon-
structionproblem,usingbasisfunctions.In Section3, it is
discussedhe aspectof constructionand control of basis
functions.In Section4, the proposedmethodis contrasted
againsbthermethodsFinally, someconclusionsredravn
in Sectionb.

2 Interpolation Surface

The surfacereconstructiorproblemof aterrain,for which
a set of samplepoints ,



is known, consistsn determiningabivariatefunc-

tion , suchthat for eachpoint
. Thepoints  arethe orthogonalprojectionsof
points  onthereferenceplane

Equation(1) determinesheinterpolationsurface

by aweightedsumof  basisfunctions . Thus,
)

In digital terrainmodeling:

1. aretheweights;

2. , (non-nayatiity);

3. , (partitionof unity);

4. , Where if and
otherwise;

5. , ,where isthesupport
domainof

As pointedoutin [5], requirement2-5 areeasilysat-
is ed if rationalbasisfunctionsof theform

)

areused.lt is alsopointedout, in the samework, thatthese
basisfunctionsareanalogouso thetensomproductB-spline
basisfunctionsin that; 1) they canbede ned overarbitrary
domains(concave or corvex); 2) they areidentically zero
outsidetheir supportdomains;3) they are positive within
their supportdomainsandattaina singlemaximum;and4)
they do not possesocal maximaor minima.
Themethoddor constructingheinterpolationsurface
basedon Equation(1) aredistinguishableboth, by
thewaythebasisfunctions arede ned,andbythe
waythebasisfunctions'supportdomainsaredelimited. For
example thebasisfunctionsof the polyhedraliinterpolation
areswungsurfacesde ned by rotatingalinearpro le curve
aroundalocal z-axisandscalingthepro le by theboundary
polygonof the supportregion. This regionis identi ed by
thetriangulationof thepoints  (Figurel(a)).
In summary givenan arbitrarypoint , to obtain
it isnecessaryl)to nd all thebasisfunctions
that do not vanishat ; 2) to evaluateeachnon-zero
contribution of thesebasisfunctionsby, rst, computing
and, then, substitutinginto Equation(2); and 3)
to blendthe basisfunctionsvalueswith the corresponding
samplepoints,usingEquation(1).

3 BasisFunctions

In this section, it is discussed two-stepprocessfor the
constructiorof basisfunctions.First, atrajectorycurve that
delimits the supportdomainof the basisfunctionis deter

mined.Then,apro le curveis de nedto generate@aswung
surfaceasit is scaledby thetrajectorycurve duringits rev-

olution aroundthe correspondingsamplepoint projector
The mainimprovementsover the processproposedn [5]

aremadein the constructiorof thetrajectorycurves.

3.1 Trajectory Curve

In orderto determinethe trajectorycurve that delimitsthe
supportdomainof thebasisfunctionassociateavith asam-
ple point , onestartsby obtaininga triangulationof the
projections, , of the  samplepointson the
referenceplane. Next, usingall thetrianglesthatsharethe
vertex , apolygonis de ned by connectinghe sidesop-
positeto that vertex. Finally, it is constructech sequence
of NURBS(Non-UniformRationalB-Spline3[9] relativeto
eachside of the polygonjust de ned suchthatthey main-
tain  continuityatthe connectingooints.

Theresultingtrajectorycurve canbeeitheropenwhen-
ever isattheborderof theterrainsdomain ; orclosed,
whenit is aninterior pointof  (SeeFigure?2). In synthe-
sis,thetrajectorycurve must: 1) interpolateall thevertices
of thepolygonusedo de ne thesupportregion; 2) possess,
atleast, continuity; 3) de ne aregionin which is
theonly samplepoint projectionstrictly insideit; and,4) be
intersectedat mostonceby ary straight-linesggmentwith
origin atpoint

Conditionsl) and?2) aretrivially satis ed,if NURBS
segmentsare chosento connecteachtwo consecutie ver
ticesof the polygon. Condition 3) implies that points
which arenot part of the boundarypolygonimposelimits
ontheexpansiorof thetrajectorycurve, sincenoneof them
canlie insidethe supportregion. Condition4) imposesa
specialstratagyy for the constructiorof thetrajectorycurve,
asdiscusseahext.

The NURBS sggmentschosenare quadraticrational
Béziersgmentsde ned by

3)
where , ,and arethecontrolpoints; isthe
i-th weightand is thei-th seconddegreeBernsteins
polynomial.
Thecurve interpolateshepoints and ,and,
at thesepoints, it is tangentto the vectors and
, respectiely. For the purpose®f implementation,
onecanset andvary (denotedby inthe

following). As increasesthe curve approachepoint



Figure 2: Typesof trajectorycurves. (a) and (b) closed
trajectorycurves;(c) and(d) opentrajectorycurves.

Figure3: Computatiorof thetangent at

is the setof vertices
determinedy thetriangu-

Supposehat
of the polygonaroundpoint
lation (seeFigure 2), where whenthe curve is
closed.Betweenreachpair of vertices , onetries
to de ne a connectingquadraticrational Bézier segment.
However, thatis not always possible requiring that more
thanonesegmentbeused.

In orderto determingheconnectingNURBSsegments,
it is necessaryo nd thetangentvectors to thetrajec-
tory curwve at the vertices . A simpleway to estimate
thesetangentvectorss to usethecentraldifferencescheme
representetdy theequation

(4)

where isanunit vectorwith thesameorientationasvec-
tor (Figure3).

Equation(4) adequatelyde nes the tangentat all the
points  wheneer the trajectorycurve is closed. How-
ever, whenthatcurve is open,it is necessaryo de ne an-
otherway of computingthe tangentvectorsat the extremi-

tes and . Hence:

1. If , and arede ned asthe unit vectors
thatform angleswith thevector (Figure
4(a));

2. If , is de ned asthe unit vectortangentto

Figure5: Con gurationsof thetrajectorycurves.

the parabolgpassinghroughthevertices and
atvertex ;and ,astheunitvectortangento

theparabolgassinghroughthevertices ,

and atvertex . However, in orderto guarantee

thatall straight-linesggmentswith originat ~ donot

intersecthetrajectorycurvemorethanonce  onecom-

putestheangles betweerthevectors

and ( ), measuredlockwise(Figure4(b))
and,in case , or, in case

Thereforetheproblemof computingthetrajectorycurve
passinghroughthevertices , isrestrictedo
determininghe controlpointsof eachBéziersggmentcon-
necting to , sincethetangentat theseverticesare
known.

If thetangentsvere "well behaed",asshavn in Fig-
ure5(b),onewould simply chooseheintersectiorpoint of
theparameterizedtraight-lines and
asthemiddlecontrolpoint, . However, dueto thevariety
of shapeghatthetrajectorycurve may assumenot always



Figure6: Geometricalnterpretatiorof and

it canberepresentetdy a singlequadraticBéziersegment.
For example this is the caseof the curve sggment
in Figure5(d), sincea quadraticrational Béziercurve can-
not presenthein ections shavn in that gure.
Now, consider and the anglesthat the tangent
vectors and , respectiely, form with the vector
. Also, consider and the signsof these

anglesj.e., if , if
,and if .

is de ned, analogously by examining the sign of the
vectorproduct . The strategyy for de-

terminingthe controlpointsis de ned by analyzingthe ve
casedglepictedn Figure5 anddescribedasfollows.

Casel ( ) (Figure 5 (a)): The Bézier
segmentconsistsof a straight-linesegment. One chooses
, and .
Case2 ( and ) (Figure
5(b)): Onechooses ,  astheintersectiorof the
parameterizedtraight-lines and

and .

In the next threecasesiwo Béziersegmentsareused
to interpolatethe curve sggment . Thereforeijit is
necessaryrst, toincludeanew point  andonly thento

interpolatethe curve sggments e . Point
is de ned by

®)
where , is the unit vectorin the

directionof vector ,
pendiculato  and

is the unit vectorper
is thedistancrom point ~ tothe

chord (Figure6). Moreover, for eachcase differ-
ent and (tangentvectorat )arecomputed.

Case3 ( and ) (Figure
5(c)): Onecomputes = min( ), where is thedis-

tancefrom the closestnon-neighboipoint  to the chord
and is achoserfractionof thischordsegment,

ie. , . Thetangent at isthe
vectorparallelto thechord .

Caséel ( ) (Figure5(d)): Taking =0, onede-
terminesthepoint  onthechordsggment . The
tangeniat isthende nedas

(6)

where

— min min
min @)

In this case pneof the Béziersggmentsrelative to the
sgments and is locatedin the samesemi-
planeas relative to the chord seggment and,
therefore|t is necessara correctionstratey, asshovn in
Figure4(b).

Caseb ( and
Onecomputeghescalar by

) (Figure5(e)):

- min (8)
where
if
if 9)

is the distancefrom point to the chord segment

(10)

and

- min max

max (11)

At this point, the trajectorycurve most probablyhas
anew setof vertices, , ..., , Wwhere s the
numberof new points  thatwere created. After deter
miningthetangentstall theverticesthetrajectorycurveis
completelyde ned, andall the componenturve sggments

arequadraticBéziersegments.

3.2 Prole Curve

Oncedeterminedhetrajectorycurve, it is necessaryo de-
ne thepro le curvethatis usedto composehebasisfunc-
tion. The choserpro le curve hasto ensurethatthe basis
functionis positive within its supportdomain,attainsa sin-
gle maximum,anddoesnot posses$ocal maximaor min-
ima(seeSection2). A cubicHermitianfunctionguarantees
all thesepropertiesaandis usedherein,although otherfunc-
tionswith similar propertiescouldalsobe used.
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Figure7: Con gurationsof TrajectoryandPro le curves.

The cubicHermitianpro le curveis de ned paramet-
rically onalocal coordinatesystem~ —, wherethe ~ axis
coincideswith thedirectionof the projector , by

(12)

Noticethatthe parameterizatiois suchthatthe curve
is sweptfrom to

3.3 Composition of Blending Function

As mentionedat the beginning of Section3, the blend-
ing functionassociatedvith the samplepoint  is gener
atedasa swungsurfaceby therevolution of apro le curve
aroundthe projector (its local — axis) while the pro-
le cuneis scaledby thetrajectorycurve duringrevolution
(seeFigure8).
Consideringjn the compositionprocessthatthe tra-
jectorycurveis de nedontheplane as

(13)

and that, at the beginning of revolution, the pro le
cuneis in theplane (Figure7); theresultingblending
functionis expressedy

- - - (1)

Noticethat,when , .

Thecomponent of the blendingfunctionsobtained,
by theprocesgustdescribedfor thepoints  arethefunc-
tions usedn Equation(2) to obtainthenormalized
basisfunctions

3.4 BasisFunction Contrib ution

The contribution of eachbasisfunction, , to the
computatiorof thecoordinate , giventhecoordinates

of a pointon the terrain's domain,is apparenin Equation
(1). Therefore considering ,

24

L,(u)

<y

Figure8: Contritution of basisfunctionat the point

is the non-normalizedbasisfunction rel-
, the contribution is accom-

where
ative to the samplepoint
plishedasfollows:

1. Givenapoint , determingheset
de nedas ;

2. For eachbasisfunction
the intersection

, compute
of the straight-linefrom

through point with the trajectorycurve corre-
spondingo . Scalethepro le curwe,i.e.,compute:

(15)
obtaining - (Figure8);

3. After all are computed,use Equation(2) to
obtain the normalizedbasisfunctions , and
compute ,e.g.

(16)

3.5 ShapeControl

For eachchordsegment , thede nition of thecor
respondingpartof thetrajectorycurveinvolvesaparameter
thatdetermines fraction of thatchordsegment,andcan
be usedeffectively for local and global shapecontrol. In
Equation(18), the choiceof  determineghe expansion
thata Béziersegmentof the trajectorycurve will have rel-
ative to the correspondinghord. Thatexpansionis limited
by therequirementhatthetrajectorycurve do notenclose

pointsoutsidethe trianglessharingvertex (seeSection
3.1).

A possibleway to solve this problem,if  is thedis-
tancefrom the controlpoint  to thechord ;s

thedistanceto thischord,from theclosesnon-neighboring



Q=h M Qu=b,

Figure9:

for the curve sggment

Qi =b,

Figure10: Bézierexpansionover restricted.

point, , in the region betweenthe chord's supportline
andthe parallelthroughpoint ; and s a fraction of
thatchord,givenas

7)
is givenby

min (18)

where min , if the curveis corvex and

min , otherwise[5]. Thevalueof calculatedby
Equation(18) forcesthe Béziersegmentto touchtheline,
parallelto thechord , locatedatadistance from
it [10] (seeFigure9).

Oneof theimportantpropertiesof Béziercurvesis that
their expansionis limited by their corvex hulls. Hence,
onecanconcludethat,if a point s outsidethe triangle

, it shouldnotimposeary restrictionon the expan-
sionof the Béziersegment(seeFigure9). Saidin a differ-
entway, it is not possiblefor a Bézier sggmentto include
apoint  outsideits corvex hull. Thus,no expansionof
the Béziercurve shovn in Figure9 will be ableto enclose
apoint  outsidethetriangle . Also, it canbever-
i ed in theillustrationshowvn in Figure 10 that,evenwhen

is in theinterior of the corvex hull , the condi-
tion thatthe Béziercanexpandat mostup to touchingthe
straightline, parallelto thechord , passinghrough
is toorestrictve.

To overcomethesade cienciesandto allow amoreef-
cient expansionof the Bézierseggmentsa betterapproach
is basedon thefollowing strat@y for determining :

1. Findall thesamplepoints  thatareinsidetheconvex

hull of the Béziersegmentto be expanded;

2. For eachpoint  foundin Stepl1 andusingits bari-
centriccoordinates relativeto thetrian-
gularcorvex hull, determine by

(19)

suchthatthe expansionof the Béziersegmentpasses
throughthepoint  [11];

3. De ne — asthesmallestof all ~ determinedn Step

2;
4. Determine accordingo Equation(17)andcompute
the nal as
min - (20)

Thischoiceof takesinto accounjustthepoints,not
neighborof | thatareinsidethecorvex hull ,in
casethey exist, andrepresentshe largestexpansionof the
curve satisfyingthe imposedconditions. This givesmore

e xibility of shapecontrol, bothlocally andglobally, pro-
viding amoreadequatet of theinterpolatederrain.

Besidesthe proposedshapecontrol of the trajectory
curve thatallows an expansionof the basisfunction's sup-
portregion, it canbeintroducedanothemparameter , that

controlstheshapeof thepro le curve (Equation(12)).
Thus,themodi cation

- (21)
in the component —  of the function providesa

whole rangeof possibilitiesfor the pro le curve. Notice
that,thisbiasedpro le curveassumeary con gurationbe-
tweenthe Cubic Hermitian ( ) (seeEquation(12));
anda linear function ( ). Thetangentsat and

are both equalto ( ). Therefore,at the sam-
ple points,unless , thedigital terrainmodeldoesnot
have to show aplateaushapeln Figurell,someexamples
of thesamebasisfunctionwith different and areshown.

4 Comparison of Results

In this section,two referencemodelswerechoserto shov
the comparisontests. Eachreferencemodelis compared
to threeinterpolatedonesgeneratedy: polyhedralinter-
polation,the interpolationmethodproposedn [5], andthe
interpolationmethodproposedn this work.
Thesethreeinterpolatedmodelswere constructedas
follows: 1) a numberof samplepointswasde ned on the
domain; 2) a Delaunaytriangulationof thesepoints was
determined?) the elevationsfor thesepointsweredirectly



Figure11: Basisfunctionwith different and . (a)
(b) and , (©) and and(d)

determinedirom the referencemodel; 4) the interpolated
surfacescorrespondingo eachmethodwerecomputed.
With appropriatevaluesof theparameters and (see
Section3.5), particularcasesof interpolationcan be ob-
tained.For instancethe polyhedralinterpolationis de ned
with valuesof and equalto zero.Thus,for comparison
with the referencesurface,interpolatedsurfaceswere de-
terminedby eachof thethreemethodsusing and equal
to , , and . Thefactthat intheproposed
methodallows a larger expansionof the trajectorycurves
givesmore e xibility to modelmorecomple surfaces.
Theerrors betweertheinterpolatedsurfacesandthe
referenceonewerecalculatedusingthe expression

(22)

where arethe pointsof the regulargrid,
representshe elevation of thereferencesurfaceat ,
and representghe elevation of the interpolated
surfacedeterminedat . The purposeof this study
is only to evaluatethe potentialof the proposedmethod,
in a simpleway, without focusingon the magnitudeof the
errorsfound. In otherwords,theideais to shav thatsmaller
errorscanbefoundwith theproposednethodwhichshavs
atendeng thatthe methodcangeneratéetterinterpolated
surfacesin realapplications.This is probablymoretruein
applicationswith steepregionsandslopesalthoughfurther
investigations necessary

sincfunction (200 points)
Polyhedral | Chaturedi | Proposed
40.35 39.71 37.78
40.35 40.08 37.46
40.35 40.74 37.29
40.35 41.63 37.31

Tablel: Comparisorof the percentagerrors.

Figure12: Comparisorof the interpolationmethods
and ): (a) Polyhedral,(b) Chatunedi(c) Pro-
posed.(200samplepoints)

4.1 Casel: Sincfunction

In this example thereferencanodelwasdeterminedasthe
Sincfunction

sin (23)

de ned on the domain .
The interpolatedmodelswere constructedas follows: 1)
randomsamplepointswere consideredn the domain
; 2) a Delaunaytriangulationof thesepointswas estab-
lished; 3) their elevationscomputedoy ; 4)
theinterpolatedsurfaceswveredetermined.
Thethreeinterpolatedsurfacesareshavnin Figurel2.
For eachcase,the approximationerror was calculatedby
Equation(22),asshovn in Tablel.

4.2 Case2: Realterrain

In this example, the referencemodel was de ned on the
domain . This modelwas
de ned by points, distributed as a regular grid of
points over the entiredomain . This exam-
ple was chosento illustrate the accurag of the proposed



- ge?'mgge'(wgf’ims) _ by theinterior of atrajectorycurve composeaf quadratic
Polg o f;“éf ! Prlospgie rationalBéziersegments.It alsoreducegheapproximation
1998 1840 1740 errorbetweerthereferencgandtheinterpolationsurfaces.
19.98 18.44 16.83 It was obsened that, in all examples,the proposed
19.98 18.84 16.73 methodpresentedh smallerapproximatiorerror thanboth

the polyhedralmethodand that of Chatunedi and Piegl.
Although further investigationneedsto be conductedthis
factseemgo bevery promising.

Table2: Comparisorof the percentagerrors.
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